We show that the instability threshold for a laser in which both polarizations are active can be much lower than the Haken second threshold and does not require the bad-cavity limit.
Since the pioneering work on laser instabilities' it has been clear that the semiclassical equations for a singlemode ring-cavity laser could show unstable behavior (Haken second threshold) only in the bad-cavity limit. Moreover, the pump parameter value at this threshold proves to be difficult to reach experimentally. However, evidence for such unstable behavior was recently reported in experiments utilizing far-infrared lasers, 2 but the results are still under controversial discussion. 3 Several authors have proposed various models and experiments that remove some of the usual approximations 4 , 5 in order to find instabilities not accounted for in the semiclassical theory. In these models it is usually assumed that a linearly polarized field interacts with the active medium in a strongly anisotropic cavity. Here we present a model for a three-level homogeneously broadened medium in an isotropic cavity, in which the field is separated into its right and left circularly polarized components. Through a linear stability analysis of the steady-state solutions we show numerically and analytically that this model presents instabilities for values of the pump parameter much lower than in the Maxwell-Bloch case and that the bad-cavity condition is not required. We consider an atom with a J = 0 lower level and a J = 1 upper level, with sublevels (1, -1), (1, 0) , and (1, +1), as shown in Fig. 1 . We choose the quantization axis along the laser optical axis and assume a transverse electromagnetic field. Then the usual dipole-selection rules forbid a transition between the (1, 0) and (0, 0) states.
So we have effectively a three-level atomic system. The two remaining transitions will then interact with opposite circularly polarized electric fields, Since there is no ambiguity we shall simply label the states by their J, eigenvalues. The dynamics of this three-level system is described by the familiar density-matrix equations of motion, 6 which here be-
where wo is the atomic resonant frequency, -y's denote the decay rates and X's the incoherent pump rates, and V is the dipole interaction energy. We have assumed that the upper lasing levels are degenerate, the population decay rates of all three levels are the same, the incoherent pump rates of the upper two levels are equal, and the two polarization decay rates are the same. The last of Eqs. (1) represents a coherence term between the upper two levels as induced by the mutual dipole interaction with the same lower level. We define the polarizations and inversion densities in the usual manner, 7 and, under the usual mean-field and rotating-wave approximations, a 12-equation system can be obtained:
in which E and P are the complex field and atomic polarization amplitudes, D is the population difference, and k, y I, and yll are the respective relaxation constants; -yc is the relaxation constant relative to the newly introduced coherence term C. v is the cavity frequency, a is the pump parameter, and g is the coupling constant. The subscripts R and L refer to right-
Fig. 1. The three-level atom considered in the model. The upper level is threefold degenerate, but only two of these substates interact with the lower level.
and left-handed circular polarizations. The cavit, supposed to be isotropic, so k and v are taken to independent of R and L. The system can be furtl simplified by supposing that v = wo; and introduc the normalizations
yields the following equations (dropping the tilde) the slowly varying amplitudes:
Steady-state solution (7a) is the trivial zero-field soluing tion and as in the Lorenz case is stable under the first threshold, i.e., for a < 1. Solution (7b), in which only one circular field is different from zero, is nonphysical for a < 1 and unstable for a > 1. The linear stability analysis for steady-state solution (7c) is more complicated, and the threshold depends strongly on the relative value of the relaxation constants. In Fig. 2 we (3) show the calculated instability threshold for different values of yc. In the limit for yc --we recover the for Haken second threshold; for low values of k the threshold is lower than this limit for yc of the order of 7y1 and higher for yc >> 71.
We can investigate these results analytically in some detail since the 7 X 7 stability matrix can be separated into 4 X 4 and 3 X 3 matrices with characteristic polynomials:
These equations are all real, involving only the moduli of the slowly varying amplitudes; the phases have been factored out. This can be done when the fields are initially in quadrature with their respective polarizations and the coherence phase is initially equal to the phase difference between the fields. The analysis of Eqs. (4) generally relaxation in the off-diagonal density-matrix elements proceeds faster than relaxation in the diagonal density-matrix elements (7yc/7yll > 1). In such a case the curves obtained from condition (11) are in complete agreement with the numerical results shown in Fig. 2 . In Fig. 3 we show the instability thresholds separately for the two matrices. We note that in the more physical case of slightly different loss rates for the two polarizations the qualitative behavior of the threshold remains unchanged (to be reported elsewhere). The frequency Q of the oscillations at the Hopf bifurcation point is
L2k 2 + ky, + 2kyll -y±y -yllc1 (12) In Fig. 4 we show the total output power obtained from a numerical integration of Eqs. (4), which indicates that the system can exhibit interesting oscillatory behavior even without the bad-cavity condition.
The 3 X 3 matrix that gives the threshold for the instabilities for low y, values does not involve the equation for C but contains only its steady-state value.
Since that value is not affected by an adiabatic elimination procedure, this suggests that such an elimination should not affect the instability threshold when condition (11) holds. This somewhat unusual validity of adiabatic elimination is in fact confirmed by calculations.
In conclusion, we have presented a new model for a homogeneously broadened single-mode laser with an isotropic cavity. By means of a linear stability analysis we have shown both numerically and analytically that this kind of laser should develop instabilities and interesting dynamical behavior in regions of parameter space that are within experimental reach.
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Equation (8) is given by the 4 X 4 matrix that involves the equations for E+, P+, D+, and C, while Eq. (9) is given by the 3 X 3 matrix that involves the equations for E-, P-, and D_. From Eq. (9) it is possible to obtain analytically the condition for the 3 X 3 matrix instabilities:
,yj/yc > 1, (10) aT> [(k+yj) 2 +yll(k+yj)](3y+ yll) +1.
7 l(2k 2 + 2ky 1 + kyc -ylly, -7 c'I)
If condition (10) holds we obtain a positive real eigenvalue, whereas if condition (11) holds we have two complex-conjugate eigenvalues with positive real parts (Hopf bifurcation). We expect the instability threshold in fact to be given by condition (11) since
